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SUMMARY 


An  experimental  and  theoretical  study  of  the  buckling  of  closely  stiffened 
cylindrical  and  conical  shells  under  axial  compression  has  been  undertaken  to 
determine  the  influence  of  the  stiffener  geometry  and  spacing  on  the  applicability 
of  linear  theory*  Tests  on  integrally  ring-stiffened  cylinders,  in  which  the 
spacing,  cross-sectional  area  and  eccentricity  of  the  stiffeners  is  varied  are 
described.  The  bounds  of  general  instability  are  first  determined  by  an  elementary 
analysis  of  sub-shelis  and  panels  between  stiffeners,  in  conjunction  with  ••smeared” 
stiffener  theory.  The  interaction  between  stiffeners  and  sheli  is  then  investigated 
with  a  linear  discrete-stiffener  theory.  The  experimental  results  are  correlated 
with  theory  and  approximate  design  criteria  are  developed.  Experimental  results 
and  conclusions  of  other  investigators  are  also  discussed.  The  results  of  a  test 
program  of  integrally  ring-stiffened  conical  shells  are  briefly  discussed  and 
correlated  with  the  results  obtained  for  cylindrical  shells. 

The  structural  efficiency  of  closely  stiffened  cylindrical  shells  Is  then 
studied  In  view  of  the  observed  bounds  of  applicability  of  linear  theory. 
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I.  INTRODUCTION 


Closely  stiffened  shells  are  usually  analysed  by  linear  theory,  with 
fairly  good  agreement  between  experiment  and  theory.  A  closer  look  at  the 
experimental  verification  of  linear  theory  shows  that  the  agreement  Is 
good  fo»-  closely  and  heavily  stiffened  shells  whereas  It  is  poor  for 
mode^aie  or  sparse  stiffening. 

This  Is  especially  noticeable  In  the  case  of  the  worst  "offender"  of 
classical  buckling  theory  -  the  cylindrical  shell  under  axial  compression. 

The  very  large  discrepancies  between  experimental  and  theoretical  buckling 
loads  observed  in  unstiffened  cylinders  motivated  extensive  study  of  the 
problem  (see  for  example  CG  or  C2]  )  as  well  as  a  major  effort  to  stabilize 
the  shell  by  Internal  pressure,  stiffening  or  sandwich  construction  (see 
for  example  C3]  ).  The  designers  also  developed  empirical  "knock  down 
factors",  that  were  revised  as  the  number  of  tests  increased  and  summarized 
In  various  empirical  formulae  (see  CO  -  CO  ).  The  axially  compressed 
cylinder  is  therefore  very  suitable  for  study  of  the  validity  of  linear 
theory  in  stiffened  shells.  A  study  of  conical  shells  under  axial  compression 
may  lend  additional  support  to  the  results  obtained  in  cylinders. 

For  many  years  the  usual  approach  to  the.stabl I ity  analysis  of  a  stiffened 
shell  was  to  replace  it  by  an  equivalent  orthotropic  shell  (see  for  example  C73 
C3]  or  CO.  Such  an  approach,  however,  does  not  permit  taking  into  account 
the  eccentricity  of  stiffeners.  As  stiffeners  became  heavier,  the  Importance 
of  these  eccentricity  effects,  observed  already  earlier  DO  and  D  G,  was 
realized  and  their  Influence  studied. 
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Our  group  a+  the  Technion  has  In  recent  years  studied  the  behavior  of 
stiffened  cylindrical  and  conical  shells  with  a  linear  Iheory  that  includes 
eccentricity  effects  (see  Cl  2},  Cl  3D  and  [14]  h  For  cylindrical  shells,  the 
main  merit  of  this  theory,  in  which  the  stiffeners  are  "smeared",  or  "distribut¬ 
ed"  over  the  entire  shell,  lies  in  its  simp  I icity  >  t  has  led  to  its  adoption 
also  by  other  investigators,  in  particular  at  NASA  (  for  example  C 1 53  and  [16] 
and  at  Lockheed  (for  example  [17]  K  For  conical  shells  this  theory,  [18]  and 
[19],  though  less  simple  is  manageable  and  even  permitted  some  optimization 
studies  Cl 3]  and  [20] c 

These  studies  and  their  conclusions  are,  however,  meaningful  onlv  if  linear 
theory  predicts  the  buckling  load  adequately  and  if  the  discreteness  of  the 
stiffeners  has  no  noticeable  effect.  The  second  problem  js  the  easier  cne,  since 
it  can  be  attacked  by  a  linear  discrete-stiffener-theory,  Previous  investigators, 
C2I],  [22]  and  [23],  have  shown  that  tor  ring  stiffened  cylindrical  shells  the 
discreteness  effect  is  of  importance  only  when  the  number  of  rinqs  is  very  small, 
but  eccentricity  was  not  taken  into  account  by  them  and  stringers  were  not 
considered.  Hence  a  more  detailed  discrete-stiffener  analysis  seems  warranted: 

The  first  problem  -  the  adequacy  of  linear  theory  is  more  formidable  and 
can  be  conclusively  settled  only  by  tests.  The  investigators  differ  in  their 
opinions.  In  1962  Van  der  Neut  [22]  considered,  on  the  basis  of  a  logical 
expected  reduction  in  imperfection  sensitivity,  "  that  linear  fheory  is  adequate 
for  the  investigation  of  general  instability  of  stiffened  shells",  Recen+ly 
Hoff  [3]  has  pointed  out  that  "  it  is  perhaps  premature  to  state  that  the  small 


displacement  theory  Is  rigorously  applicable  to  reinforced  shells"  and 
Hutchinson  and  Amazigo  Q24I,  have  presented  Imperfection  sensitivity  studies 
to  "  Indicate  to  what  .extent  the  classical  buckling  results  can  be  consider¬ 
ed  reliable". 

Gerard  and  his  group  developed  a  linear  theory  for  orthotropic  cylindrical 
shells  C93  and  C253  and  then  embarked  on  an  extensive  test  program  £253  and 
£263  to  show  that  linear  orthotropic  theory  Is  adequate.  Already  In  1962  they 
pointed  out  the  remarkable  agreement  of  the  buckling  load  under  axial  compression 
for  Pugllese’s  Integrally  machined  ring-stiffened  cylinder,  tested  In  1959 
£27 J,  with  linear  orthotropic  theory.  Their  later  tests  on  carefully  manufactured 
and  one  can  add  beautiful,  rlng-and  stringer-stiffened  cylindrical  shells  £273 
supported  their  contention  of  the  adequacy  of  linear  theory  for  closely  stiffened 
shells.  From  one  aspect,  however,  these  otherwise  excellent  tests  are  Inadequate 
they  were  too  closely  stiffened.  As  the  width  of  the  stiffeners  equalled  the 
distance  between  them,  they  represented  really  thick  cylinders  with  longitudinal 
or  circumferential  slots  rather  than  stiffened  thin  cylinders.  One  cannot,  there¬ 
fore,  rely  on  these  tests  to  settle  the  problem  of  applicability  of  linear  theory 
for  reinforced  cylindrical  shells,  A  similar  difficulty  arises  with  another 
series  of  excellent  tests  in  which  Garkish  £283  investigated  the  pronounced 
eccentricity  effect  that  appears  In  iongitudinallysti  ffenod  cylinders  under  axial 
compression.  Here  the  stiffeners  are  back  to  back  "l"  sections,  and  the  width 
of  unstlffened  skin  is  only  1/10  of  the  total  width  of  the  stringer. 
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Another  series  of  tests  on  internal  ring-stiffened  cylindrical  shells 
[29],  though  primarily  concerned  with  buckling  under  hydrostatic  pressure 
loading.  Includes  some  tests  with  predominant  axial  loading  that  support  the 
adequacy  of  linear  theory.  As  these  tests,  however,  are  for  shells  of  rather 
low  (R/h)  values,  about  250,  and  ■*  3  wall  thickness  of  the  relevant  specimens 

4 

exhibit  variations  of  up  to  +  36$  and  -  21%  of  the  weighted  average,  they  are 
not  included  in  the  discussion. 

Three  series  of  careful  tests  of  stringer-stiffened  cylinders  present 
Important  evidence  for  evaluation  of  the  applicability  of  linear  theory.  Card's 
tests  with  heavily  Integra  I -stiffened  shells  [30],  the  tests  by  Peterson,  Dow, 

Card  and  Jones  on  more  moderately  stiffened  shells,  [31]  and  [16],  and  Katz's 
tests  on  large  scale  moderately  stiffened  cylinders  [32].  Card’s  tests  are  by 
now  the  "classical”  evidence  of  validity  of  linear  theory  for  heavy  stiffening 
and  the  importance  of  the  eccentricity  effect.  Katz's  tests  are  equally  important 
when  they  are  judiciously  correlated  with  linear  theory,  as  they  give  some  in¬ 
dication  on  the  stringer  area  required  for  linear  theory  to  become  valid.  Some 
recent  tests  on  ring-stiffened  cylinders  reported  by  Almroth  [33]  and  a  stringer- 
stiffened  cylindrical  panel  tested  by  Len'ko  [34]  are  additional  evidence  for 
the  discussion. 

It  may  be  pointed  out,  that  in  stiffened  shells  the  boundary  conditions  may 
be  even  more  important  than  in  isotropic  shells,  since  two  additional  effects 
have  to  be  considered.  The  eccentricity  of  the  applied  axial  load  (  or  end  moment 
effects)  may  be  important  here  [35],  [32]  and  [36],  and  the  in-plane  boundary 
conditions  have  different  effects  on  internal  and  external  stiffeners  [37]. 
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If  one  now  concurs  with  van  der  Neut*s  opinion  snd  feels  "  that  linear 
theory  Is  adequate  for  closely  spaced  stiffened  ",  ur.d  turns  to  the 
experimental  evidence  for  support,  one  cannot  discern  the  Influence  of  the  various 
geometrical  parameters  on  the  applicability  of  linear  theory.  A  primary  aim  of  the 
present  investigation  is  to  bring  forth  the  predominant  parameters.  Answers  are 
needed  to  the  questions  what  is  "closely  stiffened"  and  how  "heavy"  have  stiffeners 
to  be. 

The  problem  Is  not  only  one  of  validity  of  a  theory.  Since  the  main  stability 
contribution  of  stiffeners  in  cylindrical  and  conical  shells  under  axial  compression, 
be  they  rings  or  stringers,  is  the  raising  of  the  buckling  load  to  the  classical  one, 
the  problem  is  one  of  structural  efficiency.  The  question  of  how  heavily  does  it  pay 
to  stiffen  has  also  to  be  considered. 
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2.  THEORETICAL  CONSIDERATIONS 

The  discussion  in  the  present  paper  is  limited  to  ring  or  stringer- 
stiffened  shells.  Other  forms  of  stabilization,  such  as  internal  pressure, 
sandwich  construction,  corrugated  skin,  43°  waffle-stiffening  and  orthotropic 
materials  are  not  considered,  though  they  may  be  of  equal  practical  importance 
and  hence  justify  serious  study.  The  stiffeners  are  considered  to  be  rigidly 
joined  to  the  shell  and  the  conclusions  apply  therefore  best  to  integrally 
stlffeoed  shells.  Furthermore,  stiffeners  are  here  considered  to  be  of  the 
same  material  as  the  shell  though  the  theory  can  easily  accommodate  different 
materials  (see  for  example  Ci^D  or  D63>  and  different  materials  may  some¬ 
times  be  more  efficient,  for  example  D83. 

2.  I.  Ring-Stiffened  Cylindrical  Shells 

A  ring-stiffened  cylindrical  shell  under  axial  compression  may  fail  in 
two  forms  of  instability,  local  buckling  of  the  sub-shell  between  the  rings 
or  general  instability  of  the  stiffened  shell  as  a  whole.  One  type  of  general 
instability  -  buckling  as  an  Euler  column  -  occurs  only  in  very  long  shells 
and  may  usually  be  excluded.  In  both  forms  of  instability  axisymmetric  or 
asymmefric  modes  may  occur,  depending  of  the  geometry  of  the  shell.  Further¬ 
more,  there  may  be  a  noticeable  restraining  effect  of  the  rings  on  the  local 
buckling  and  there  may  be  interaction  between  the  two  forms  of  instability 
that  may  lower  the  general  instability  load. 

An  elementary  linear  analysis  of  the  buckling  of  an  axially  compressed 
ring-stiffened  cylindrical  shell  considers  the  sub-shell  separately  as  a 
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simply  supported  Isotropic  shell  and  then  examines  the  general  Instability  of  a 
shel.  reinforced  by  the  ’'distributed*'  or  "smeared”  stlffeness  of  the  rings. 

The  classical  formula  for  a  simply  supported  isotropic  cylinder 

Pct  =  [3(l-v2)X,/22irh2E  (I) 

2  2  2  9 

assumes  no  restrictions  on  the  wave  length  parameter  £(n  +  &  )  /n“3,  see  for 
example  C39H  or  C403,  and  hence  may  not  apply  to  the  short  sub-shells.  Indeed 
for  Z’  =  ( l-v2) *^(a2/Rh)  <  2.85  the  sub-shell  buckles  Into  an  axlsymmetrlc 
pattern  with  one  axial  half-wave,  n  =  I,  for  which 

P  =  P  ,  D  +  <l2Z»2/ir4)]/0.702  Z’  (2) 

cr  cl 

For  Z1  slightly  above  2.85,  linear  theory  predicts  an  asymmetric  patter  with  n  =  I, 
till  Z’  is  sufficiently  large  for  an  axisymmetric  mode  with  n  =  2,  and  then  with 
further  Increase  in  Z1  an  asymmetric  pattern  will  again  appear  with  n  »  2,  and  so 
forth.  The  accompanying  fluctuations  in  ’uckling  load  are,  however,  negligible  C4l3. 

Contrary,  however,  to  the  large  discrepancies  between  experimental  and  theoretical 
axial  buckling  loads  universally  observed  for  moderate  length  isotropic  cylinders,  tests 
on  very  short  cylinders  exhibit  fairly  good  agreement  with  1  inear  theory,  see  for 
example  Fig.  4  of  Cf>X  Figs.  6  to  8  of  C42j  or  Fig.  8.7  of  C43[]„  The  axisymmetric 
buckling  pattern  of  the  short  shells  is -probably  the  main  reason  for  their  "linear” 
behavior,  for  the  axisymmetric  mode,  also  referred  to  as  "ring-buckling"  by  some 
investigators,  has  a  stable  post-buckling  behavior  that  makes  it  insensitive  to 
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Imperfections,  see  £83.  The  more  pronounced  influence  of  rotational  restraint  is 
the  second  reason.  Consideration  of  the  limiting  case  of  Euler  flat  plate 
behavior,  for  Z  -*■  0,  in  which  clamping  raises  the  buckling  load  4  times,  or 
examination  of  the  curves  in  £443  emphasize  the  importance  of  the  boundary  con¬ 
ditions  for  short  shel Is. 

Si->ce  for  a  clamped  cylindrical  shell  no  closed  form  solution  is  avail¬ 
able  even  in  linear  theory,  only  an  approximate  estimate  of  the  sub-shell 
geometry  that  ensures  an  ax i symmetric  buckling  mode  can  be  made.  With  aid 
of  the  second  approximation  of  the  Galerkin  solution  of  Donnell's  equations 
by  Batdorf,  Schildcrout  and  Stein  £443  it  is  found  that  when  Z  <  I  i  .6  the  axi- 
symmetric  buckling  pattern  predominates.  Though  the  rings,  however  heavy,  will 
never  represent  fully  clamped  conditions,  an  indication  of  an  upper  bound  for 
possibie  "linear"  behavior  of  the  sub-shells  is  thus  obtained.  In  view  of  the 
recenT  work  on  the  effect  of  the  secondary  boundary  conditions  (see  for  example 
£45}  or  £463) , consideration  of  the  "classical"  simple  supports  and  clamped  ends 
only  out  of  the  possible  8  and  conditions  may  seem  incomplete.  For  the  short  sub 
shells,  however,  the  rotational  restraint  is  the  prime  boundary  effect,  £45j  and 
£373,  though  the  RF  4  B.C,  (in  the  notation  of  £453)extends  its  influence  to  much 
larger  Z  Than  the  "classical"  RF  2  B.C,  £  1 63. 

The  elementary  analysis,  therefore,  immediately  yields  a  conservative 
criterion  to  ensure  local  "linear"  behavior.  By  taking  "ciassical"simple  support 
as  the  weakest  practical  boundary  conditions  of  the  sub-shells  one  obtains  from 
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Z’  =  (l-v2),/2(a2/Rh>  <  2.85  (3) 

for  safe  ring  spacing 

C2.85(l-v2)",/2(R/h)],/2  (4) 

Since  "linear"  behavior  extends  also  a  little  beyond  the  axisymmetric  range,  Eq. 

(4)  Is  rather  conservative. 

One  may  note  that  a  recent  imperfection  sensitivity  study  [333,  which 
concludes  that  very  short  cylinders  are  insensitive  to  initial  imperfections,  lends 
further  support  to  the  expected  'M  inear"  behavior  of  the  sub-shells. 

The  rings  actually  provide  elastic  rotational  restraints  that  stiffen  the  sub¬ 
shells  also  within  the  framework  of  linear  theory.  The  rings  can  provide  two  types 
of  restraint:  resistance  to  twist  if  the  sub-shell  buckles  non-ax isymmetri cal ly  and 
the  cross-sect lens  of  ring  resist  rotation  one.rela+iv®  To  the  other,  or  resistance 
to  "rolling  over"  of  ring  that  subjects  the  ring  to  out  of  plane  bending  [413. 

The  rings  usually  offer  more  restraint  to  twist  than  to  "rolling  over"  which  promotes 
the  tendency  towards  axisymmetric  buckling. 

These  rotational  restraints  are  usually  neglected  in  buckling  analysis  of 
cylindrical  shells,  though  they  were  included  in  Reynold’s  careful  study  of  ring 
stiffened  shells  under  hydrostatic  pressure  [473,  where  appreciable  restraint 


t 
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was  observed  (6  +o  I8J&  stiffening  of  sub-shells  with  V  from  27  to  10  and 
R/h  of  about  100).  Here,  the  effect  of  the  rotational  restraints  wili  be 
analysed  by  a  simple  one-term  Raylelgh-RItz  approach,  that  Is  an  extension 
of  earlier  studies  on  the  effect  of  axial  restraint  C483  and  C493.  The 
details  are  given  In  Appendix  A.  The  restraints  are  expressed  as  non- 
dimensional  spring  coefficients.  For  torsional  resistance  the  spring 
coefficient  is 

( kjVER4  )  *  6J/ER4  *  J/2(l+v)R4  (5) 


where  «  G J  f s  the  torsional  moment  per  twist  per  unit  length  (hence  the 

2 

dimensions  of  are  FL  )  and  J  Is  the  torsional  constant  of  the  ring  cross 
section.  The  effect  of  the  tors'lonal  restraint  appears  In  the  final  expression 
of  the  buckling  load 


<Pcr/Eh2)  =  2 


[nV  +  t2]2 


as  usual,  the  Integer  values  of  t  and  n  that  make  P  a  minimum  have 

cr 

to  be  chosen.  (  a  more  precise  analysis,  an  extension  of  the  ’’discrete 
stiffener”  theory  C50D  with  emphasis  on  local  buckling  when  the  torsional 
stiffness  Is  not  neglected.  Is  also  in  progress  at  the  Technion). 


For  resistance  to  '’rolling  over"  In  the  axlsymmetrlc  buckling  mode  the 
spring  coefficient  Is,  as  in  C4l3, 

kR  =  (ETr/R2)  (7) 

where  lR  Is  the  moment  of  Inertia  of  the  cross-section  for  the  ientroldal 
axis  In  the  plane  of  the  ring.  It  may  be  noted  that  for  rings  of  rectangular 
cross-section,  as  shown  In  Fig.  I,  of  a  given  area  ^ *  'r  an(*  hence  kR  Is 
larger  the  smaller  the  eccentricity  | 62/^ | .  The  buckling  load  Is  given  by 

(P  /Eh2)  *  +  (kR/Fr?)4(R/h)2(R/L)t  (8) 

cr  !2<l-v  XR/h)  nV  J 

As  the  torsional  restraint,  when  effective,  is  usually  one  order  of 
magnitude  larger  than  the  restraint  to  "rolling  over",  the  latter  is  neglected 
In  the  asymmetric  buckling  mode. 

In  the  case  of  unrestrained  sub-shells  general  instability  can  occur 
within  the  framework  of  linear  theory,  only  when  the  sub-shells  are  in  the 
short  "  axisymmetric  mode"  range,  V  <  2.85  where  Pcr  is  given  by  Eq.  (2). 
otherwise  the  unstlffenea  sub-shell  will  always  buckle  locally  at  a  lower 
load  than  the  whole  stiffened  shell,  as  the  critical  load,  according  to  Eq. 

< I )  does  not  depend  on  the  length  of  the  shell.  The  rotational  restraint 
determines  therefore  an  upper  bound  to  the  ring  spacing  by  the  requirement 
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general  instability 


local  restrained 


It  may  be  noted  that  in  most  of  the  specimens  tested  In  the  present  program 
the  influence  of  the  rotational  restraint  was  found  to  be  very  small.  As  an 
example  of  a  noticeable  influence  of  the  rotational  restraint  three  of  the 
ring-stiffened  shells  of  C333  are  considered.  In  Table  I  the  geometry  of  the 
shells  and  sub-shells  are  given.  For  simple  supports  (zero  rotational  restraint) 
an  asymmetric  local  buckling  pattern  shouid  anoear,  column  (I).  The  heavy 
rings,  however,  offer  considerable  torsional  resistance  and  hence  in  calculations 
of  P  from  Eq.  (6)  t  -*■  0  or,  in  other  words,  the  sub-shei!  is  forced  to  buckle 
ax i symmetrica  I ly,  column  (2).  The  resistance  to  "rolling  over",  that  was  not 
taken  irtto  account  in  the  asymmetrical  mode,  has  to  be  considered  now,  yielding 
column  (4).  It  Is  seen  that  Pres+  ax]Sym  >  Pq5»  +he  "smeared"  general  in¬ 
stability  load,  and  that  even  Paxjg  column  (2), not  considering  the  resistance 
to  "rolling  over",  is  not  less  than  Pgs,  column  (6).  This  example  shows  that 
by  forcing  the  sub-shells  to  buckle  ax i symmetrica  I ly  when  Z’  >  2.85,  the 
torsional  resistance  of  the  rings  increases  the  safe  ring  spacing  given  by  Eq. 
(4).  Hence  heavier  rings,  especially  with  high  torsional  stiffness,  may  be 
advantageous.  Note  also  In  Table  I  that  the  test  results  are  not  far  from  the 
predicted  buckling  loads. 

A  linear  theory  analysis  for  general  Instability  of  stiffened  cylindrical 
shells  under  axial  compression  is  given  in  [143.  It  is  shown  there  that  with 
Inside  rings  non-ax i symmetric  buckling  will  occur  and  the  posftive  eccentricity 
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will  lower  the  buckling  load  below  that  for  centrally  placed  rings.  With  out¬ 
side  rings,  however,  the  Increase  In  buckling  load  that  would  result  from  the 
negative  eccentricity  If  the  shell  were  to  buckle  In  a  chess-board  pattern  Is 
not  realized,  since  the  shell  now  buckles  In  the  ring-shape  pattern  which  Is 
unaffected  by  eccentricity  and  yields  a  lower  buckling  load. 

For  classical  simple  supports,  the  linear  theory  general  Instability  load 
of  a  stiffened  cylindrical  shell  under  axial  compression  can  be  obtained  Cl4] 
from 

C,<-n5B3dn>  +  c2<-2t2  -  bnt3)  +  (I  +  nQ|)nV  +  (2  +  n+|  +  n+2>n282t2  + 

+  (I  +  n  ~)t4  +  l2(R/h)2  £<l  +  y,HI  +  b  t)  +  vnBa  H  -  X(n2B2/2)  »  0  (10) 

Of.  £.  n  n 

where  X  Is  a  non-dimensional  axial  load  parameter  defitvad  by 

X  »  (PR/wD)  *  Cl2( l-v2)PR/*Eh3D  (II) 

V|»  w2  t  ’Iqj#  no2,  n+|  and  n+2  are  the  changes  In  stiffnesses  due  to  stringer  and 
frames  and  Xj,  X2»  Cj  and  t2‘  are  the  changes  in  stiffnesses  caused  by  the 
eccentricities  of  the  stringers  and  rings  as  in  Cl2j  or  CnH. 

For  a  ring-stiffened  shell  with  outside  rings,  that  buckles  in  the  axlsymmetrlc 
mode,  Eq.  (10)  simplifies  considerably,  and  when  there  are  many  waves  in  the  axial 
direction,  permitting  n  to  be  trea+ed  as  a  continous  variable,  the  general  in¬ 
stability  load  can  be  computed  from  the  simple  formula 
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PG  »  [3(!-v2)]“l/2  2irh3E[l+(A2/ah)]l/2  *PclCl+(A2/ah)],/2  (12) 

In  passing,  it  may  be  pointed  out  that  the  reduction  in  buckling  for 
internal  rings  may  be  offset  if  the  rings  have  high  torsional  stiffness,  as 
then  less  energy  will  be  absorbed  in  the  axisymmetric  buckling  mode,  that  is 
unaffected  by  eccentricity,  than  in  the  non-ax i symmetric  mode  that  involves 
torsion  of  the  rings.  Some  computations  for  a  typical  shell  (L/R  =  0.5, 

R/h  =  500,  A2/ah  *  0,5,  l^/ah"',  e2/h  =  5  and  v  =  0.3)show  (see  Fig. 2)  that  when 
nt?  y  15  the  shell  buckles  axi symmetrica  I ly  with  an  accompanying  increase 
of  1 4. 7jC  in  the  general  instability  load,  or  -  in  other  words  -  complete 
recovery  of  the  reduction  due  to  internal  placing  of  the  rings.  For  the 
typical  shell  considered,  n  =  15  can  be  obtained  in  practice  (  for  a  ring 
spacing  of  a/h  =  40)  by  rings  of  tubular  cross-section  with  a  diameter  of 
about  7h  and  a  wall  thickness  of  h. 

In  order  to  investigate  the  effect  of  discreteness  of  the  rings,  the 
buckling  of  ring-sti f fened  cylindrical  shells  is  analysed  by  a  linear 
"discrete"  theory.  Instead  of  being  "smeared",  the  rings  are  now  considered 
as  linear  discontinuities  represented  by  the  Dirac  delta  function  bu+  other¬ 
wise  the  analysis  is  similar  to  that  of  [14],  It  may  be  noted  that  the  delta 
function  representation  of  rings  has  been  employed  by  other  investigators, 

[51],  [21]  and  [23],  but  without  consideration  of  the  eccentricity  of  the 
rings.  The  details  of  the  method  used  here,  that  is  based  on  the  formulation 
of  [52],  are  given  in  [50],  where  also  extensive  parametric  studies  are  discussed. 
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The  analysis  yields  two  sets  of  equations 

b  ,B  +  c  ,C  +  Z  Z  <8,  .6  +  y .  i C  )  sin  sin 
ml  m  ml  m  it.  i I  n  i I  n  q  q 

n=i  t=i 


b  ,B  +  e  , C  +  E  E  (8t-$„  t  y  C  >  sir.  ~  sin  —1  + 
m2m  m2m  n_|j_|  n  12  n  q  q 


r  a  min  nin  n  .  •  ■#  . 

+  6 ,  C  cos - cos  -  =0  (13) 

Imn  n  q  q 

where  b  (,  Dm2,  cm| »cm2'Si | »®i2'  Yil*  YI2  and  fiimn  are  exPressions»  Involving 
shell  and  ring  geometry  as  well  as  wave  numbers,  defined  by  Eqs.  (9)  of  C50D. 

The  buckling  load  is  found  from  the  vanishing  of  the  determinant  of  Eqs.  (13). 

It  should  be  pointed  out  that  the  Dirac  delta  function  representation  is 
satisfactory  only  as  'ong  as  the  width  of  the  stiffeners  is  not  comparable  to 
the  distance  between  them.  Hence  it  could  not  be  applied,  for  example,  to  the 
very  closely  stiffened  shells  of  C26],  and  its  reliability  becomes  doubtful 
In  any  shell  with  very  wide  stiffeners. 

Though  for  buckling  under  hydrostatic  pressure  appreciable  load  reductions 
were  found  in  C50j  Tor  discrete  rings,  the  discreteness  effect  was  always 
found  to  be  very  snwu  for  ring-stiffened  cylinders  under  axial  compression.  A 
similar  conclusion  was  reached  in  C23]  for  orthotropic  ring-sti trened  cylinders 
by  an  analysis  that  did  not  take  ring  eccentricity  into  account.  For  com¬ 
pleteness, however,  the  "discrete"  buckling  load,  in  addition  to  the  "smeared"  one 

is  computed  for  some  of  the  test  cylinders. 

Hence,  if  the  rinq-soacinq  and  the  rotational  restraint  due  to  rinqs 

ensure  axisvmmetric  local  buckling  and  i*  the  rinos  are  placed  on  the  out¬ 
side  or  have  high  torsional  stiffness  to  compensate  for  internal  placing,  an 
initially  stable  axisymnetric  general  instability  should  dominate  and  tests  should 
agree  well  with  predicted  buck  I  in »  loads. 


2.2.  Stringer-Stiffened  Cylindrical  Shells 


A  stringer-stiffened  cylindrical  shell  under  axial  compression  may  again 
fall  In  two  forms  of  Instability,  local  buckling  of  the  panel  between  the 
stringers  or  general  Instability  of  the  stiffened  shell  as  a  whole.  Axi- 
symmetrlc  buckling  modes  will  occur.  In  both  forms  of  Instability,  only  for 
short  shells,  and  hence  has  to  be  considered  only  In  the  case  of  stringer- 
stiffened  shells  reinforced  also  by  strong  rings.  The  present  discussion 
is  therefore  limited  to  asynmetric  modes,  that  Include  for  general  Instability 
the  n  »  I  or  "longitudinalM  buckling  modes  mentioned  in  [26)  and  C533.  There 
may  be  an  appreciable  restraining  effect  of  the  stringers  on  the  local  buckling 
and  there  may  be  interaction  between  local  and  general  Instability. 

The  elementary  analysis  again  separates  the  consideration  of  buckling  of 
the  panels  between  the  stringers  and  the  study  of  the  general  Instability  of 
the  "smeared-strlnger"  shell. 

The  buckling  and  initial  post  buckling  behavior  of  cylindrical  panels 
has  been  studied  by  Koiter  C54]  for  strl/igers  that  exert  no  rotational  restraint 
on  the  panel.  In  the  absence  of  restraining  effects  of  the  stringers  except 
the  radial  one,  the  panel  will  buckle  in  the  same  mode  and  the  same  critical 
stress  as  the  corresponding  complete  unstiffened  cylindrical  she  I i .provided 
the  ancle  between  the  equally  spaced  stringers  satisfies 


l 


17  - 


♦Q  £  »/«« 

where 

m  =  (I/2)[I2(I-v2)]I/4(^)I/2 

as  Is  well  known  (see  for  example  C40U  or  [54]  ).  When  <  it/m  the  panel 

Is  called  narrow  and  will  have  a  critical  stress  above  that  of  the 
corresponding  unstiffened  cylinder.  If  a  measure  of  the  total  curvature  is 
introduced  as  in  C54D. 

9  -  —  «  b  (Rh)-|/2  <14 

w  2* 


the  critical  stress  can  be  written 


2C 
if  E 


cr 


3( l-v  ) 


y  (^)  (  I  +0  ) 


With  0  defined  by  Eq.  (14)  the  width  of  the  panel 


(15) 


b  ■  R+  =  0R(n/m)  0  <  6  <  I  (16) 

o 

and  the  stiffen  Inc  of  the  panel  due  to  ’’narrowness”  is  therefore 

|lcr.jrir.r.°r..p.y&J -  =  d/e2)(i  +  e4)  <m 

cr  complete  cylinder 

Hence  ’’narrowness”  of  the  panel  between  stringers  of  a  longitudinally 
stiffened  cylindrical  shell  is  somewhat  analogous  to  the  ’’shortness”  of  the 
sub-shell  In  a  ring-stiffened  shell  and  the  stiffening  of  Eq.  (17)  is  of  a 
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similar  nature  to  that  given  in  Eq.  (2)  for  sub-shells. 

The  "narrowness"  of  the  panel  has,  however,  an  even  more  Important 
Influence  on  the  buckling  load  carried,  than  the  stiffening  predicted  by 
linear  theory  as  given  by  Eq.  (17).  A  wide  panel,  >,  it/m,  buckles  as  a 
cylinder,  and  hence  the  large  discrepancies  between  experimental  and 
theoretical  (linear  theory)  buckling  loads  observed  for  unstiffened  cylinders 
will  also  appear  in  wide  panels.  The  low  buckling  loads  of  axially  compressed 
cylindrical  shells  are  due  primarily  to  their  unstable  post-buckling  behavior. 

By  investigating  the  Initial  post-buckling  behavior  of  narrow  panels  and  the 
effect  of  initial  Imperfectlons^Koiter  C54D  showed  that  0  Is  a  suitable  para¬ 
meter  for  estimation  of  the  expected  "linear"  buckling  behavior  of  the  panel. 

For  perfect  panels,  the  change  from  stable  "  plate  type"  behavior  to  unstable 
"cylindrical  shell  type"  behavior  occurs  aT  8  *  0.64  for  prescribed  load.  Since 
the  post-buckling  tangent  changes  Its  direction  rapidly  after  the  transition 
(see  Fig.  3  of  C54^sti f fened  cylinders  with  0  <  0.64  are  advisable  for  pre¬ 
dominance  of  general  instability.  Note  that  for  a  shell  with  (R/h)  =  1000,  say, 
0  =  0.64  corresponds  to  a  stringer  spacing  (b/h)  *  70  and  that  for  0  *  0.64 
the  "linear"  stiffening,  due  to  the  "narrowness"  of  the  panel,  is  1.42. 

The  limiting  value  of  0  *  0.64  is,  however,  a  conservative  value  since 
Kolter’s  analysis  assumes  zero  torsional  constraint.  The  finite  torsional 
stiffness  of  the  stringers  will  raise  the  limiting  0,  is  already  pointed  out 
by  Koiter,  and  will  also  stiffen  the  panel  within  the  bounds  of  linear  theory. 
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An  approximate  estimate  of  the  "linear"  stiffening  due  to  the  rotational  restraint 
of  the  stringers  can  be  obtained  from  an  analysis  of  the  buckling  of  elastically 
restrained  olates  £553  in  conjunction  with  an  analysis  of  a  clamped  long  curved 
panel  £563.  A  more  precise  analysis,  that  is  an  extension  of  the"d I screte 
stiffener"  theory  of  £503,  is  now  being  carried  out  at  the  Technion. 

The  general  Instability  of  the  "smeared-strlnger"  stiffened  cylindrical  shell 
under  axial  compression  Is  discussed  in  detail  in  £143.  fr°r  classical  simple 
supports  Pgg  may  again  be  computed  from  Eq,  (10),  and  Pgg  c(amp  for  "classical" 
clamped  shells  (RF.  2  boundary  conditions)  can  be  calculated  from  Eqs.  (24)  of 
£143  or  for  RF  4  boundary  conditions  from  Eq.  (AI4)  of  £163.  For  other  boundary 
conditions  the  meThod  of  £373  can  be  applied.  Shghrly  less  accurate  methods  for 
calculation  of  the  general  instability  are  also  given  in  £573  and  £583.  it  should 
be  pointed  out  that  In  the  case  of  stringer-stiffened  shells  very  appreciable 
eccentricity  effects  appear  and  the  boundary  conditions  affect  the  bcckling  loads 
considerably. 

The  effect  of  the  discreteness  of  the  stringers  can  again  be  investigatei 
by  a  linear  "discrete"  theory  In  which  the  stringers  are  considered  linear  dis¬ 
continuities  represented  by  the  Dirac  delta  function.  The  analysis  of  £503  has 
been  extended  to  stringer-stiffened  shells  and  calculations  are  in  progress. 
Preliminary  results  indicate  that  for  thin  shellsof  practical  dimensions  the 
discreteness  effect  is  negligible.  This  is  not  surprising  on  account  of  the 
large  number  of  stringers  required  to  prevent  local  buckling. 
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3.  EXPERIMENTAL  investigation  of  stiffened  CYLINDRICAL  shells 

Since  the  adequacy  Of  linear  theory  can  be  reliably  ascertained  only  by  test 
one  has  to  turn  to  experiments  if  one  aims  at  definition  of  some  bounds  of 
applicability  of  the  theory,  in  this  paper  the  experimental  program  is  only 
briefly  described,  and  details  are  given  in  £593. 

3.1.  Test  Apparatus  and  Procedure 

In  order  to  be  able  to  test  specimens  of  large  (R/h)  ratios,  the  load  frame 
employed  eerl ler  in  tests  on  conical  shells  £2 03  and  £603  was  modified  to  accomm¬ 
odate  the  cylindrical  shells.  The  load  frame  and  the  test  set-up  is  shown  in  Fig. 
3,  The  load  is  applied  by  two  hydraulic  Jacks,  controlled  from  an  Amsler  universal 
testing  machine  to  a  beam  that  moves  a  central  load-transfer  shaft  with  a  thrust 
bearing  on  which  the  lower  supporting  disc  fits.  The  upper  supporting  disc  reacts 
against  a  load  cell  (or  two  load  cells  in  series)  that  records  the  actual  loac 
aoplled  to  the  test  specimen.  Motion  along  the  vertical  axis  is  preserved  by  a 
guide  pin  and  mating  sleeve  fixed  to  the  upper  and  lower  supporting  discs  (except 
In  two  tests  in  which  the  sleeve  was  removed).  To  prevent  friction  due  to 
misalignment  of  the  load— transfer  shaft  a  ball  was  introduced  between  the  beam  and 
the  shaft. 

Strain  gages  were  distributed  over  each  specimen.  Usually,  38  qages  were 
bonded  to  each  shell,  except  some  specimens  with  only  24  paqes  and  one  shell  with 
48  gages.  The  strain  gages  served  to  assist  in  the  detection  of  incipient 
buckling  and  to  check  the  symmetry  of  loading.  6  pr  I?  qaqes  were  distributed 
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around  the  ci rcumference  at  each  vertical  location.  Strain  measurements  were 
recorded  on  a  B  4  F  multi-channel  strain  plotter. 

The  specimens  are  not  clamped  to  the  supporting  discs.  They  are  just 
put  on  the  lower  disc,  which  has  a  low  central  location  platform  with  a  clearance 
of  about  h,  and  the  similar  top  disc  is  just  put  on  top  of  the  specimen.  To 
prevent  moment  effects,  see  [32l,  [351  and  [36l,  the  end  rings  of  the  specimens 
have  ridges  of  width  h  that  represent  a  continuation  of  the  shell,  see  Fig.  5a. 

The  boundary  conditions  are  therefore  not  far  from  classical  simple  supports,  probably 
somewhere  between  SS3  and  SS4  (In  the  notation  of  [45]) . 

The  dimensions  of  the  shells  are  carefully  measured  before  each  test.  The 
thickness  is  measured  at  about  300  points  for  each  shell  (for  specimens  MZ  5  -  18 
the  measurements  were  taken  at  least  twice  by  dl.ferent  operators)  and  the  stiffener 
dimensions  were  checked  with  a  special  gage  for  4  shells  at  about  200  locations. 
Out-of-roundness  is  measured  at  5  vertical  stations  prior  to  each  test  after  the 
shell  is  In  position.  The  maximum  out-of-roundness  Aq  [61  j  was  not  computed  from 
the  readings  since  in  earlier  tests  on  conical  shells  (see  [62],  [60l  and  [20]) 
its  significance  could  not  be  discerned.  Correlation  between  out-of-roundness  and* 
strain  readings  was,  however,  studied  for  all  specimens. 

i.2.  Test  Specimens 

18  integrally  ring-stiffened  cylindrical  shells  were  tested  in  the  present 
test  program.  The  dimensions  of- the  shells  as  defined  in  Fig.  I  are  given  in  Table  2. 

The  specimens  were  machined  from  AISI  4130  steel  alloy  drawn  tubes  with  a  1/4" 
wal I -thickness.  The  mechanical  properties  ov  the  material,  and  in  particular  E,  were 
measured  on  8  specimens  cut  out  from  the  tubes  before  machining  (both  in  the  longitudinal 
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and  circumferential  directions  of  the  tubes),  as  well  as  on  16  specimens  cut  out 

from  the  shells  after  failure  in  buckling.  The  average  mechanical  properties 

found  (with  only  slight  scatter)  were  those  that  appear  in  the  literature.  The 

4  2  6 

average  value  of  Young’s  modulus  found  is  E  =  2.0  x  10  kg/mm  (or  28  5  x  10  psi), 

2 

the  usual  value  of  4130  steel,  and  the  yield  stress  o  >,  50  kg/mm  (or  71000  psi), 
is  considerably  above  the  buckling  stresses.  Poisson’s  ratio  is  taken  as  v  =  0.3. 

In  the  interest  of  precision,  the  machining  process  is  divided  into  stages. 

In  the  final  stages  the  shell  is  mounted  o  a  special  "cooled"  mandrel.  Th 1 s  mandrel 
is  made  of  cast  aluminum  with  a  high  silicon  content  and  has  the  shape  of  a  reservoir 
with  many  fins  around  its  inner  surface  (see  Fig.  5b).  The  mandrel  is  fitted  with 
special  centering  pivot.  Liquid  air  poured  into  the  reservoir  of  the  mandrel  cools 
it  appreciably  and  as  a  result  its  diameter  contracts  0.4  mm,  enabling  the  shell  to 
slide  onto  the  mandrel.  After  returning  to  room  temperature  the  shell  sits  well 
on  the  mandrel  and  permits  accurate  machining.  After  completion  the  shell  is  removed 
from  the  mandrel  by  another  liquid  air  "cooling"  and  a  second  shell  is  immediately 
mounted. 

This  technique,  combined  with  extreme  care  in  the  machining  and  conti nous  nteasure- 
ments,  has  resuited  in  precise  specimens  in  which  the  deviation  of  thickness  (the  most 
sensitive  dimension)  of  the  shei!  does  not  exceed  5?  of  the  average  in  the  worst  case 
and  is  usu3ily  wtthin  2,5?  The  accuracy  of  the  height  of  the  rings  d  is  similar  to 
that  of  the  thickness,  whereas  larger  deviations  occur  in  the  width  of  the  rings  c. 
Differences  of  up  to  '(/  from  the  nominal  width  were  measured,  but  these  could,  at  worst, 
lead  to  an  error  of  less  than  Y  :n  the  compu+ed  buckling  ioad. 
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3.3.  Ring  Stiffened  Cylinders 

Table  2  presents  the  important  geometric  parameters  of  the  18  ring-stiffened 
cylindrical  shells  tested,  as  weli  as  tnc  experimental  and  calculated  buckling 
loads.  The  dimensions  of  the  specimens  have  been  chosen  to  yield  the  largest 
feasible  (R/h)  ratio  and  an  average  of  660  was  achieved.  The  mean  shell  wall  thick¬ 
ness  is  given  in  thousandths  ot  a  mm  in  the  table,  but  though  the  thickness  was 
measured  in  thousandth  of  a  mm,  the  last  figure  Is  reliable  only  within  *  0.002  mm. 

The  ring  spacing  is  chosen  small  enough  for  the  sub-shell  to  be  in  the  axl- 
symmetrical  range,  or  slightly  above  it  to  ensure  local  "rlng-buckl  ing’’behavior. 

Except  in  shells  Nos.  MZ  3  and  4,  the  local  shell  geometry  parameter  Z*  <  2.85. 

In  shells  MZ  3  and  4,  however,  tne  torsional  stiffness  of  the  rings  Is  sufficiently 
large  to  force  the  sub-shell  to  buckle  ax i symmetrica  I ly  in  spite  of  Z'  >  2.85. 

This  is  the  same  behavior  as  observed  in  the  examples  of  Table  I,  and  indicates 
that  Eq.  (4)  is  a  very  conservative  criterion  and  may  be  exceeded,  provided  the 
rings  possess  adequate  torsional  stiffness.  The  linear  theory  buckling  load  for 
very  short  shell  exceeds  the  classical  ’’moderate- length”  buckling  load  appreciably, 
see  Eq.  (2).  Hence  for  shells  Nos.  MZ,  5,  6,  9,  10,  13,  14,  15,  l{>,  17  and  18  local 

buckling  is  remote.  In  Shells  Nos,  MZ.  I,  2,  3,  4,  7,  8,  II  and  12,  on  the  other 

hand,  local  buckling  may  be  possible  since,  even  after  taking  into  account  the 
resistance  to  "rolling  ove*"  (which  is  small  in  the  test  specimens  -  of  the  order  of  li&) 

the  local  buckling  ioad  is  slightly  below  the  general  instability  load.  In  general,  in 

the  shells  which  were  ( ;keiy  to  buckle  locally,  the  local  buckling  load  was  close  enough 
to  the  general  instability  +o  make  detection  of  local  buckling  behavior  in  the  tests 
hardly  feasible. 
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The  general  stability  load  Is  computed  for  some  shells  also  by  the  "discrete 
theory"  of  [503,  although  the  difference  between  "discrete"  and  "smeared"theory 
amounts  here  only  to  about  1^  or  less.  The  "discrete"  general  instability  loads 
are  not  given  for  shells  Nos.  MZ.  i,  2,  3,  4,  1,  8,  II  and  12  since  they  are  beyond 
the  "cut  off  point"  for  which  local  buckling  dominates  (see  also  C50D). 

At  first  sight,  one  may  wonder  why  the  ring  spacing  was  not  kept  very  low  in 
all  specimens  to  ensure  predominance  of  general  Instability.  As  the  aim  of  the 
present  study  was,  however,  to  find  the  bounds  of  "linearity",  the  nominal  design 
dimensions  for  some  shells  were  intentionai ly  chosen  to  be  in  the  "doubtful" 
region.  As  a  result  the  local  buckling  load  nearly  coincides  with  PR  in  some  of  the 
shells.  In  Table  2,  the  experimental  buckling  loads  for  shells  Nos.  MZ  I,  2,  3,  4,  7, 

8,  II  and  12  are  also  correlated  with  the  predicted  local  buckling  loads.  In  the 
discussion,  however,  the  correlation  for  all  shells  is  for  the  general  instability  load 
that  is  of  primary  interest. 

Before  turning  to  the  buckling  loads  carried  by  the  specimens,  one  may  discuss 
their  observed  buckling  behavior.  Figures  4,  6a,  6b,  7a,  7b  and  8  show  typical 
shells  before  and  after  failure.  For  all  the  shells,  buckling  occurred  suddenly,  and 
was  rather  violent  in  some.  Visually,  only  the  large  displacement  diamond  patterns  were 
detected.  In  shells  MZ  I  -  14  they  changed  rapidly  into  typical  plastic  deformation  pattern 
with  sharp  yield  hinges.  In  some  tests  "travelling"  of  the  diamond  patterns  could  be  seen 
momentarily,  but  in  general  the  pattern  appeared  practical ly  simultaneously  around  the 
whole  circumference.  The  large  inertia  of  the  loading  system  is  probably  the  main  cause 
of  the  violence  of  the  buckling  process.  In  Shells  MZ  i5  -18,  a  distance  tube  was  in¬ 
corporated  to  arrest  the  displacements  much  ea'lier,  when  tne  axial  shortening  was  approx¬ 
imately  3  times  the  linear  prebuckling  one,  Most  of  the  piastic  deformation  was  thereby 
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eliminated,  as  can  be  seen  by  comparison  of  Fig.  8,  which  shows  a  buckled  shell  when 
the  arresting  tube  was  in  position,  with  Figs,  4,  6  and  7  that  depict  the  results  in 
absence  of  an  arresting  device.  In  Shells  M2  15-18,  the  buckles  practically  disappeared 
upon  release  of  load.  Repeated  ioading,  however,  resulted  in  much  lower  buckling  loads 
that  indicate  that  some  plastic  deformation  had  originally  taken  piace.  Strain  gages  were 
attached  to  the  arresting  tube  for  control  of  possible  load  sharing  (due  to  insufficient 
clearance)  before  buckling,,  However,  no  trouble  of  this  type  was  encountered. 

The  buckling  pattern  is  fairly  uniform  in  most  specimens,  except  some  helical 
"climbing"  of  the  diamonds  in  some  shells,  somewhat  reminiscent  of  buckling  patterns 
observed  in  pressurized  unstiffened  cy ! inders,see  C8D  or  C42j.  No  ax i symmetrica!  buckling 
patterns  were  observed  even  for  shells  that  supported  95  percent  of  the  linear  theory 
buckling  load  P ^  (in  some  of  the  ring-stiffened  conical  shells,  discussed  in  Section  4, 
ring  bdckling  was  observed,  but  only  for  very  heavy  rings).  It  may,  however,  be  possible 
that  an  ay.isymmatric  pattern  appears  before  tho  deformations  become  large,  similar  to  the 
very  shallow  ripples  indicating  incipient  buckling  that  were  observed  in  pressurized 
cylinders  C423.  Such  an  initial,  briefly  occuring  axisymmetric  pattern  would  fit  the 
predictions  of  orthotropic  theory  C8]  or  C263. 

Some  preliminary  attempts  to  obtain  photographic  records  of  the  buckling  process  in 
order  to  obtain  more  information  on  the  initial  buckling  are  shown  in  Figs.  9a  and  9b. 

These  tests  were  carried  out  at  night  and  the  shells  were  not  illuminated.  The  shutters 
of  the  two  cameras  were  therefore  kept  open  during  each  loading  step  (about  60  seconds). 
Flashlights  were  then  triggered  by  contacts  set  at  predetermined  distances  to  produce 
the  photographs.  Though  these  attem,  ,s  were  not  very  successful , further  similar  investiga¬ 
tions  with  more  sophisticated  instruments  ion  may  provide  more  insight  into  the  buckling 


process. 
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In  passing,  it  may  be  of  interest  to  mention  one  rather  surprising  in¬ 
sensitivity  to  imperfect Jons,noticed  accidentally  during  the  tests.  Shell  MZ  7 
was  damaged  upon  removal  from  the  mandrel.  The  damage  was  a  small  hole  and  a  badly 
distorted  area  of  a  few  square  centimeters  around  it.  Surprisingly,  however,  the 
buckling  load  of  the  specimen  was  not  noticeably  affected,  and  p  was  practically 
the  same  as  that  of  a  similar  undamaged  she!!  MZ  8  (see  Table  2). This  example  lends 
additional  support  to  the  claim  for  ow  imperfection  sensitivity  of  externally  ring- 
stiffened  cylindrical  shells  that  results  from  the  present  test  program. 

The  strain  gages  that  "covered"  the  specimens  proved  to  be  excellent  indicators 
of  incipient  buckling.  In  spite  of  the  suddenness  of  the  actual  buckling,  most  of  the 
gages  showed  signs  of  near-buckling.  Hence  buckling  could  sometimes  be  predicted  from 
the  gages  during  the  test  to  within  5%  of  the  load.  From  the  strain  gage  readings 
Southwell  plots  could  readily  be  made  for  most  specimens.  The  computations  follow  the 
method  proposed  in  [ 62 ]  and  the  mean  of  the  "perfect  shell"  buckling  loads  are  given  in 
Table  2.  The  intercept  method  [62]  was  also  applied  but  was  found  to  be  less  reliable. 

The  results  support  the  claims  of  Horton  and  his  associates,  [63]  and  [64],  with  regard 
to  the  applicability  of  Southwell’s  method. 

An  additional  interesting  preliminary  result  of  the  extensive  use  of  strain  gages 
is  the  spread  over  the  shell  of  the  indication  of  incipient  buckling.  One  does  not 
notice  isolated  local  indications  of  near-buckling,  but  the  gages  become  "lively"  at  many 
locations  simultaneously.  In  Table  3  the  count  of  the  direction  of  deviation  of  the  strain 
gages  just  before  buckling  is  given  according  to  horizontal  rows  of  gages.  The  rows  extend 
over  complete  circumferences  and  have  6  or  12  gages  each.  IT  can  be  seen  that,  with  few 
exceptions,  fhe  deviations  in  each  row  are  unidirectional,  indicating  axisymmetric  deform¬ 
ation.  With  some  stretching  of  the  imagination  one  could  "see"  in  these  widespread 
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Indications  of  incipienf  buckling  the  initial  axlsymmetric  pattern  that  is  missing, 
or  some  confirmation  that  initial  buckling  has  a  complete  periodic  pattern  as  most 
theories  assume  and  which  the  usual  diamond  pattern  contradicts!  Obviously,  more 
substantial  evidence  is  needed  before  one  could  make  a  definite  claim,  but  it  is  an 
interesting  thought.  In  one  attempt  to  provide  more  evidence,  the  "Southwell  loads" 
obtained  from  strain  gages  at  various  locations  were  compared.  Figs.  16  and  17  show 
"good"  examples  -  in  which  the  "Southwell  loads"  at  locations  far  away  from  the  final 
buckling  pattern  location  were  similar  to  those  near  it.  In  Fig.  18  a  "bad"  example 
is  shown  in  which  the  dista.it  gages  predict  higher  buckling  loads.  In  most  of  the 
shells  studied,  however,  the  results  seem  to  be  encouraging. 

One  additional  "  behavior  pattern"  was  studied  -  the  correlation  between  Initial 
out-of- roundness  and  strain  gage  readings.  Figures  13  and  14  again  show  a  "good" 
and  a  "bad"  example.  The  studies  produced  no  conclusive  answer  to  the  problem  of 
prediction  of  the  quality  of  a  shell  from  its  initial  out-of-roundness.  It  appears 
from  the  present  and  similar  previous  studies,  [623  and  [683,  that  there  is  only  a 
statistical  answer. 

The  primary  purpose  of  the  present  test  series  was  to  confirm  the  validity  of 
linear  theory  for  analysis  of  stiffened  cylindrical  shells  and  to  obtain  bounds  on  the 
stiffener  parameters  for  upholding  this  validity,.  The  ratio  p  =  *peXp/pgs)»  a 'so 
referred  to  as  "linearity",  is  therefore  the  primary  criterion.  For  the  present  tests 
p  is  given  in  Table  2. 

Two  of  the  stiffener  geometry  parameters,  the  ring  area  ratio  ^/ah)  and  the  ring 
spacing  (a/h)  should  predominate.  The  eccentricity  ^/h)  as  well  as  do  no* 

affect  the  buckling  of  a  shell  with  external  rings, at  least  in  theory.  Hence  p  is 
plotted  against  lA^/ah)  in  Fig.  iO  and  against  (a/h)  in  Fig.  II.  The  p  obtained 
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from  three  r ing-st J f fened  shells  of  [33]  and  frxn  some  of  the  shells  of  [26],  given 
In  Table  4,  are  also  plotted  for  comparison  in  the  figures.  A  tendency  towards  a 
slightly  lower  p  for  ring  area  ratios  below  0.2  appears  in  Fig.  10,  and  there  seems 
to  be  no  additional  gain  for  ^/ah)  >  0.4.  There  is  also  a  tendency  towards  a  lower 
p  with  increasing  (A/h)  in  Fig.  II,  offset  only  by  the  three  shells  of  [33]  which, 
however,  have  much  heavier  rings  that  restrain  the  sub-shell  appreciably,  as  has  already 
been  discussed.  One  of  The  attempts  to  arrive  at  a  combined  parameter  is  shown  in  Fig.  12. 
The  values  of  p  obtained  in  the  present  tests  and  in  the  experiments  of  other  investigators 
on  integral  ring-sti r fened  cylindrical  shells  show  that  linear  theory  can  be  considered  valid 
even  for  re/atively  weak  rings,  provided  the  ring  spacing  is  not  large  enough  to  promote 
premature  local  buckling.  The  applicability  of  linear  theory  for  ring-stiffened  shells  under 
axial  compression  appears  to  be  similar  to  that  under  external  pressure  or  torsion.  How¬ 
ever  if  one  carries  out  structural  efficiency  studies  (see  Section  5)  one  finds  that  only 
light  rings  are  advantageous. 

3.4.  Stringer-Stiffened  Cylinders 

A  series  of  tests  on  stringer-stiffened  cylinders  of  similar  dimensions  to  the  ring- 
stiffened  cylinders  tested  has  been  initiated  and  will  be  reported  separately  [59].  The 
discussion  will  hence  be  limited  to  an  evaluation  of  the  tests  of  other  investigators  [16], 
[30],  [31],  [32]  and  [34],  given  in  Table  5. 

The  measure  of  "linearity"  p  is  again  plotted  versus  the  two  primary  stiffener 
geometry  parameters,  area  ratio  (Aj/bh)  and  spacing  (b/h)  in  Figs.  19a  and  19b.  In  the 
case  of  stringer-stiffened  shells,  however,  the  eccentricity  (e j /h )  and  (J.,|/bh  )  are  very 
important  and  their  influence  requires  further  study.  Furthermore  the  boundary  conditions, 
in  particular  clamping,  are  here  more  important  (see  for  example  [!4],  [16]  or  [57]).  Hence 
the  test  results  of  [30]  and  [3 > ],  where  the  boundary  conditions  approached  clamped  ends. 


-  29  - 


are  compared  Instead  of  with  P_  ,  with  P_  .  and  an  arbitrarily  chosen  partial 

bs  os  c I  amp 

clamping  C ( I / 3P_  +  (2/3)P-.  _.  „  3.  The  comparison  with  P_  .  is  conservative 
bs  bs  clamp  6s  clamp 

since  clamping  is  not  complete. 

Koiter’s  0  is  also  given  in  Table  5,  it  is  below  tl.  •  limiting  value  0,64  tor 
all  but  two  shells,  and  indeed  genf  -a I  instability  predominated  in  all  the  tests 
collected  in  the  table.  More  tests  near  the  limiting  value  are  however  needed 

The  results  show  that  linear  theory  is  also  applicable  to  integral  stringer- 
stiffened  cylindrical  shells,  except  for  very  weak  stringers  and  wide  stringer¬ 
spacing.  In  Fig.  19,  the  decrease  in  p  with  increase  in  (b/h)  is  pronounced. 

Heavy  stringers  show  higher  "linearity".  Preliminary  structural  efficiency  studies 
(see  Section  5)  point,  however,  towards  weaker  stringers.  Further  study  of  the 
relation  between  (A(/bh)  and  (b/h),  as  well  as  the  Influence  of  (e(/h),  is  therefore 
needed. 

3.5.  Further  Remarks  on  Stiffened  Cylindrical  Sheils 

Recent  imperfection  studies  [24]  maintain  that  the  reliability  of  linear  theory 
for  stiffened  shells  is  doubtful  for  certain  types  of  stiffening  and  shell  geometries 
due  to  increased  imperfection  sensitivity.  For  ring-stiffened  cylindrical  shells,  and 
in  particular  for  shells  with  outside  rings,  Hutchinson  and  Amazigo  [24]  expect  that 
the  "shells  may  buckle  at  axial  loads  which  are  well  below  the  classical  buckling  loads" 
The  results  of  the  present  tests  and  those  of  other  investigators  discussed  in  sub¬ 
section  3.3.  do  not  support  this  prediction.  As  for  stringer-stiffened  cylinders  tested 
in  [16],  [30],  [31]  and  [32]  these  can  be  classified  as  light  to  medium  stiffening  in 
the  definition  of  Fig.  3  of  [24],  The  geometries  of  the  shells  tested  (  their  Z)  fall 


in  the  range j  in  Fig.  3  of  [24],  where  tmperfection  sensitivity  effects  for  out¬ 
side  stiffening  should  not  be  severe.  This  may  be  the  reason  for  the  high  p 
values  found  in  the  evaluation  of  these  tests.  In  Garkish’s  recent  tests  [28], 
cylinders  with  outside  stringers  buckled  at  loads  that  were  appreciably  below  the 
prediction  of  linear  theory.  However,  as  the  7.  of  the  specimens  puts  them  in  a 
range  in  Fig.  3  of  [24]  where  the  imperfection  sensitivity  effects  are  hardly  in¬ 
fluenced  by  eccentricity,  these  low  results  do  not  lend  support  to  the  contention 
of  [24],  and  are  due  to  other  causes.  Therefore  one  can  also  conclude  for  stringer- 
stiffened  cylindrical  shells,  although  with  less  certainty,  that  tests  to  date  do 
not  verify  the  fears  of  [24]. 


The  "knock-down  factor"  as  o  is  sometimes  called,  is  much  larger  for  integrally 
stiffened  shells  than  for  unstiffenod  ones.  If  one  compares  so'.ie  of  the  "knock-down 
factors"  commonly  used  with  the  p  found  in  tests  of  integrally  stiffened  shells, 
one  finds  those  factors  very  conservative.  In  Table  6  the  experimental  p’s  of  [32], 
[34],  [30],  [26]  and  some  of  the  present  shells  are  compared  with  pgff  obtained  by 

different  methods.  First  p  ^  is  computed  by  the  methods  of  [2]  and  [3],  based  on 

Koiter’s  theory,  with  h  replaced  by  hg^  as  defined  [3]  for  stringer  stiffening 

(heff/h)  =  1  +  <c/b):«I||/bh3)  +  <A,/bh) <e,/h)2[l  +  (A(/bh)]"2]  ^(Aj/bhr'j 

(18) 

and  by  a  similar  expression  for  ring  stiffening,  pg^  is  also  calculated  by  Pfluger's 
formula,  Eq.  (20),  in  which  h  is  replaced  by  of  Eq.  (18).  Then  hg^  and  pg^ 

are  computed  by  Eqs.  (23)  and  (24)  of  [67],  used  at  Lockheed  Missiles  and  Space 

Company.  Finally,  (R/h)g^  is  calculated  by  the  method  proposed  in  [66]  and  PQff  is 
then  found  from  Pfluger’s  formula  for  this  (R/h)g^.  It  is  seen  that  pg^  is  con¬ 
siderably  smaller  than  p  found  in  tests  of  closely  and  integrally  stiffened  shells, 
usual ly  about  half. 
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4.  RING-STIFFENED  CONICAL  SHELLS 

Before  the  present  test  program  on  cylindrical  shells  was  initiated,  a  similar 
test  program  on  ring-stiffened  conical  she1 Is  was  carried  out  at  the  Technion,  which 
continued  parallel  to  the  present  program.  The  details  of  the  conical  shell  program 
are  reported  In  [203  and  [683,  Only  the  main  results  are  given  here  to  support  the 
conclusion  arrived  at  for  cylindrical  shells. 

The  test  set  up  for  ring-stiffened  conical  shells  is  shown  in  Fig.  20.  The  axial 

load  is  applied  Jirectly  in  a  30  ton  "Amsler"  universal  testing  machine  and  the  test 

arrangement  is  similar  to  that  for* cy I  indr i cal  shells.  The  boundary  conditions  are 

different,  however,  since  the  cone^  are  clamped  in  fixtures  as  explained  in  [203  and 

[683.  The  test  specimens  were  machined  from  17-7  PH  steel  blanks  that  are  first  shear- 

spun  to  form  thick  cones.  The  accuracy  of  the  machined  shells  was  of  the  same  order 

as  that  of  the  cylindrical  shells,  though  slightly  less  -  the  thickness  variations  were 

up  to  *  5Jf.  Figs.  21,  22  and  23,  reproduced  from  [683,  show  typical  ring-stiffened 

conical  shells  tested  and  their  buckling  patterns.  The  rings  were  much  heavier  in  some 

of  the  conical  shells,  up  to  <A_/a  h)  =  3  in  the  shell  shown  in  Fig.  23,  and  the  heavier 

/.  o 

rings  promoted  axisymmetric  buckling  as  can  be  seer,  in  the  figure. 

The  test  results  on  conical  shells  are  compared  in  [203  and  [683  with  an  approx¬ 
imate  formula  for  general  instability  of  ring-sti ffen8d  conical  shells  which  is 
a  combination  of  Eq.  (12)  for  ring-stiffened  cylinders  and  an  approximate  formula  for 
unstiffened  conical  shells  proposed  by  Seide  [693, 
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where  a 
Is 


P 

cone 


is  the 


Pc«  005 


cone  angle. 


2 

a 

The  final 


(19a) 

form  of  the  approximate  expression 


Pn  =  2*h2E  C3(I-v2)]"I/2  [l  +  A,,/a  h]l/2  cos2a  (19b) 

Gs  cone  2  o 

and  its  validity  has  been  checked  with  the  theory  of  Cl8D  for  some  typical 
shel Is. 


In  Fiq.  24  the  variation  of  p  versus  <A«a  h)  is  shown  for  the  shells 

i  o 

tested.  It  can  be  seen  that  above  ^/a^)  *  0.2  good  ’’linearity"  is 
obtained  and  that  little  is  gained  by  increasing  the  ring  area  ratio 
beyond  1.0.  Structural  efficiency  again  advocates  lighter  rings.  In  Fig. 
25  the  results  of  the  present  tests  on  cylindrical  shells  are  superimposed 
on  Fig.  24  and,  although  of  slightly  better  "linearity",  the  cylinders  fit 
the  trend  of  the  conical  shells  well. 
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%  STRUCTURAL  EFFICIENCY  OF  STIFFENED  CYLINDRICAL  SHELLS 

The  experimental  study  reported  here  and  the  work  of  other  Investigators 
that  has  been  discussed  show  that  cylindrical  shells  with  closely  spaced 
stiffeners  buckle  at  axial  loads  not  far  from  those  predicted  by  linear  theory. 
The  next  step  is  to  study  the  structural  efficiency  of  the  stiffened  shells  to 
find  out  how  the  closely  stiffened  shell  compares  with  an  equivalent  unstlffened 
shel I  from  the  weight  point  of  view. 

First,  one  has  to  establish  a  convenient  standard  .pf  comparison.  Since 
the  buckling  loads  of  unstlffened  axially  compressed  cylindrical  shells  are 
much  below  the  predictions  of  linear  theory  and  no  reliable  theoretical 
estimate  is  available,  one  has  to  rely  on  emplridal  formulae  that  show  the 
primary  dependence  of  the  buckling  coefficient  on  (R/h).  A  very  simple 
formula  has  been  proposed  by  Pfluger  C5]  for  R/h  >  200, 

(PB/Pcl)  "  '/C1  +  <R/l00h)D,/2  (20) 

that.  In  addition  to  Its  simplicity,  has  the  additional  merit  -  for  the 
purpose  of  comparison  -  of  being  unconservative  for  most  test  data.  In  Fig. 

26  Pfluger’s  formula,  Eq.  (20),  is  superimposed  on  Fig.  3  of  C£J  That  presents 
test  results  obtained  by  14  investigators,  and  it  can  be  seen  that  Eq.  (20)  Is 
unconservative  for  practically  all  the  shells  tested.  Hence  Pg  from  Eq.(20) 

Is  a  suitable  buckling  load  for  the  "equivalent"  unstlffened  cylinders  with 
which  the  stiffened  cylinders  are  compared. 
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For  ring-stiffened  cylindrical  shells  with  outside  rings,  axlsymroetrlc 
buckling  predominates  and  the  simple  formula  for  the  general  Instability  load. 

Eg.  (12),  makes  the  comparison  with  the  "equivalent"  unstiffened  shell  very  easy. 


If  linear  theory  Is  valid 

(PGs/Pct)  *  Cl  +  <A2/ah>3,/2  (21) 

If  only  a  fraction  p  of  the  "linear"  load  Is  achieved 

<PGs/Pcl)  *  +  Vah)3l/2  <22) 

The  thickness  of  the  equivalent  unstlffened  shell  (of  Identical  weight)  Is 

R  *  Cl  +  (A2/ah)3h  (23) 

and  the  buckling  load  of  the  equivalent  shell  Is  given  by 

<VPc l'  *  (R/h>2  Cl  *  <«/IOOK)]“  1/2  (24) 


M 

If  Pf luger’s  empirical  formula  Eq.  (20)  is  employed.  Hence  the  efficiency  of 
externally  ring-stiffened  cylindrical  shells  Is  given  by 

pCad  +  (R/IOOh3,/2 

"  *  ‘Wfy  '  — 5 - 5 -  <2! 


where 


•  I  +  (A^/ah)  (26) 

With  Eq.  (25)  design  curves  can  readily  be  drawn  that  give  n  versus  (R/h) 
for  various  values  of  p  and  (A2/ah).  In  Fig.  27  a  typical  set  of  such  curves 
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is  presented.  It  Is  Immediately  seen  that  even  when  only  60>  wl Inearlty^is 
achieved,  weak  ring-stiffening  is  very  efficient  for  thin  shells  (large  R/h). 
or,  In  other  words,  thin  shells  with  many  closely  spaced  rings  (to  prevent 
local  buckling)  and  external  rings  of  small  cross-sectional  area  carry  axial 
compression  very  efficiently. 

For  internal  rings,  asymmetrical  buckling  occurs  and  Eq.  (12)  Is  no 
longer  valid,  unless  the  rings  have  very  high  torsional  stiffness.  The 
critical  load  parameter  X  has  therefore  to  be  computed  from  Eq.(IO).  Since, 
from  Eq.  (II), 

PGs  *  XCwEh3/l2( l-v2)RD  (27) 

one  obtains,  after  substitution  of  Eq.  (I)  for  P  the  efficiency  for  in- 

Cf> 

temally  ring-stiffened  cylindrical  shell  as 

pX  CAR  +  (R/I00h)],/2 

n  *  . . . . . t/m  .  ■■■-- - -  - . - . yt—  (28) 

8C3(l-vZ)],/Z  (R/h)  AZ*5 

where  AR  is  again  given  by  Eq.  (26).  Design  curves  can  then  be  drawn  for  In¬ 
ternal  rings.  Internal  rings  will,  naturally,  be  less  efficient  stiffeners  than 
external  ones,  see  CUD. 


I  +  (A./bh) 


(30) 
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Some  typical  design  curves  for  external  stringers  are  presented  In  Fig.  28, 
Again  the  stiffening  is  seen  to  be  more  efficient  for  lighter  stringers  and  a 
thinner  shell,  except  for  (R/h)  below  500  where  the  efficiency  may  rise  again 
slightly  as  (R/h)  decreases. 

For  optimization  of  the  stiffened  shell,  be  it  strlnger-or  ring-stiffened,  one 
has  to  balance  the  likely  "linearity**  obtained  for  various  stiffener  areas  with 
the  n  for  the  respective  stiffener  area  and  shell  (R/n).  From  the  present 
tests  and  the  results  of  other  Investigators,  the  range  of  0.2  <  A^/ah  <  0,5 
appears  most  promising  for  rings  and  0.3  <  Aj/bh  <  0,8  for  stringers,  provided, 
obviously,  that  the  stiffener  spacing  Is  small  enough  to  eliminate  local 
buck I Ing. 

Figures  29  and  30  show  this  for  the  ring-stiffened  shells  of  the  present 
tests  and  for  tests  of  other  Investigators.  The  curves  for  I00J(  efficiency  are 
obtained  from  Eq.  <25)  which  for  n  ■  I  Immediately  yields 

p  »  a£/Car  ♦  R/I00h],/2  (3D 

Further  study  Is  neoded  for  bettor  definition  of  these  ranges. 
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6. CONCLUSIONS 


The  present  tests  and  the  results  of  other  investigators  discussed  lead  to  the 
conclusion  that  linear  theory  is  applicable  to  integrally  ring-and  stringer-stiffen¬ 
ed  cylindrical  shells  under  axial  compression,  provided  the  stiffeners  are  closely 
spaced.  Applicability  of  linear  theory  means  here  that  buckling  loads  can  be  estimat¬ 
ed  with  the  same  reliability  as  say  for  unstiffened  cylindrical  shells  under  externa! 
pressure.  Small  design  factors  for  imperfections  of  up  to  50%  are  not  excluded,  but 
the  customary  I  irge  "knock  down  factors"  are  absent  even  for  weak  integral  si iffen<ng. 
Hence  stiffenei  eccentricity  effects  and  optimization  studies  based  on  linear  theory 
may  be  re  I i ed  upon . 

Structural  efficiency  studies,  which  include  the  reduced  "linearity"  observed  in 
tests,  show  that  even  ring-stiffening  is  advantageous  under  axial  compression.  The 
domir  nt  geometrical  parameters  that  determine  the  "linearity"  are  the  stiffener 
spacing  and  stiffener  cross-sect iona!  area.  Ring  spacing  that  ensures  axisymmetric 
locai  buckling,  or  stringer  spacing  with  Koiter’s  0  <  0.64,  will  give  the  required 
predominance  of  general  instabi ! i+y;  and  stiffener  cross-sect io'na I  area  that  yield 
0.2  <  (A2/ah)  <  0.5  for  rings,  or  0.3  <  A(/bh  <  0.5  for  stringers,  appear  most  promising 
from  the  structural  efficiency  point  of  view. 

The  strain  gage  recordings  in  the  tests  suggest  that  the  initial  buckling  pattern 
covers  the  whole  shell  and  differs  basically  from  the  final  visually  observed  pattern. 
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APPENDIX  A 

EFFECT  OF  ROTATIONAL  RESTRAINTS 


The  analysis  is  an  extension  of  that  given  In  [493  for  axial  restraints.  The 
effect  of  rotational  restraint  is  tound  approximately  by  a  Rayleigh-Ritz  approach, 
using  the  displacements  of  the  unrestrained  shell.  The  rotational  restraints  are 
assumed  to  come  Into  action  only  at  onset  of  buckling  -  type  (b)  restraints  in  the 
classification  of  [493.  Two  forms  of  rotational  restraint  are  provided  by  the 
rings:  resistance  tc  twist,  if  the  sub-shell  buckles  non-ax i symmetrica  I ly,  and 
resistance  to  "rolling  over"  that  appears  also  in  axisymmetric  buckling.  Since  the 
torsional  restraint,  when  effective,  is  usually  much  larger  than  the  restraint  to 
"rolling  over",  the  latter  is  neglected  for  asymmetrical  buckling. 


Note  that  in  the  appendix  the  displacements  and  coordinates  are  written  u,  v,  w,  x 

#  *  #  * 

instead  of  u  ,  v  ,  w  ,  x  and  the  origin  is  at  the  midlength  of  the  shell  or  sub-shell 


of  length  L. 


For  uniform  axial  compression,  the  additional  total  potential  energy  (after 


buckling  occurs)  of  a  thin  cylindrical  shell  with  elastic  rotational  restraints  due 


to  torsional  resistance  or  the  rings  k^.  is: 

7  2*  L/2  r 

U  +  V  =  [hER/2(l-v  )3  /  /  ?[u»  +  (v  VR)  -  (w/r  ]  ~ 

o  -L/2  l  X 


-2( l-v)  {u  [(v  /R)  -  (w/R)3  -  (!/4)[(u  /R)  +  v  32) 

fit  if 


,  .  2x  L/2  7 

+  [h^ER/24(l-v‘ ;3  /  /  (Cw  ♦  <v/R*>w,  .  Jw  + 
o  —L/2  #xx 


dxd$  -I- 
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+  [vw  +  (w  ../R2)]]  (w  a./R2)  4  [2(l-v)/R2w  2}dxd4- 

I'0'  HTT  |TT 


2*  L/2  7  2*  ~ 

-(P/4w)  /  /  (w  >  dxd$  +  (k_/R)  /  C<w  Jl/9Jd4  (A!) 

o  -L/2  '*  1  o  »Xf 


The  displacement  boundary  conditions  of  the  problem  are 


(A2) 


A  cylinder  under-uni  form  axial  compression  may  buckle  in  an  ax i symmetrica  I 
pattern  or  in  a  more  general  form.  For  the  more  general  buckled  shape,  the 
displacements  functions 

u  *  A  sin  t$  sin  (mwx/D  where 

m 

v  *  B  cos  t^  cos  (mwx/l)  m  *  I,  3,  5...  (A3) 

w  =  C  sin  tf  cos  (mux/L)  t  *  I,  2,  3... 

fn 


satisfy  the  boundary  conditions,  Eqs.  (A2),  and  are  admissible. 

Substitution  of  the  assumed  displacement  functions,  Eqs,  (A3),  into  the 
total  potential  energy  expression  Eq,  (Al)  and  minimization  with  respect  to  the 
free  parameters  yields  the  usual  stability  determinant  from  which  Eq.  (6)  of 
Section  2  is  obtained. 


For  ax  I  symmetrica  I  buckling  the  last  term  of  Ea.  (Al),  representing  the 
el  as  He  restraint,  has  to  be  replaced  by 


2 

/  C<w 


x5l/2^d* 


(A4) 
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the  strain  energy  absorbed  by  the  "rolling  over"  mechanism  of  the  rings.  The 
corresponding  displacement  functions  are 

u  *  A_  sin  (mwx/L) 

ffl 

v  *  0  (A5) 

w  *  C  cos  (mwx/L) 

fn 

and  the  stability  determinant  that  results  from  the  minimization  yields  Eq.(8) 
of  Section  2. 

Mote  that  when  Eqs.  (6)  and  (8)  are  applied  to  the  local  buckling  of  a  ring* 
stiffened  shell ,  L  represents  the  length  of  the  sub-shells,  denoted  "a* else¬ 


where 
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TABLE  2. 
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In  the  test  of  shell  MZ  -  I  a  dynamic  load  was  introduced  inadvertently  and  hence  it  is  not  considered  a 
valid  test  point. 

The  last  figure  In  h  Is  only  approximate 

Shell  MZ  18  had  more  pronounced  non-uni fortuities  In  thickness  than  the  other  test  specimens 
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studied  in  view  of  the  observed  bounds  of  applicability  of  linear  theory. 
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